The ground state degeneracy of an SU (N ) k topological phase with n quasiparticle excitations is relevant quantity for quantum computation, condensed matter physics, and knot theory. It is an open question to find a closed formula for this degeneracy for any N > 2. Here we present the problem in an explicit combinatorial way and analyze the case N = 3. While not finding a complete closed-form solution, we obtain generating functions and solve some special cases.
I. INTRODUCTION
Topological phases have become an important object of study in both condensed matter physics and quantum computation. Condensed matter theorists have proposed that certain many-electron systems confined to two dimensions may support topological phases. For example, it is widely suspected that the low energy behavior of certain fractional quantum Hall systems is described by the SU (2) k topological quantum field theory (TQFT) for various k [1].
The world lines of n particles confined to two dimensions trace out a braid as the particles are exchanged. The induced transformation on a f -fold degenerate ground space is a f -dimensional unitary representation of the braid group B n . If the representation is anything other than the trivial or sign representations, the particles are called anyons. In general, the representation could be reducible. In this paper, we attempt to calculate the dimension of the irreducible subspaces. These have a physical interpretation. Each SU (N ) k TQFT has a finite set of anyon types. If multiple anyons are bound together and treated as a unit, they behave collectively as another type from this set. If we take all n anyons and fuse them together, the type of the resulting single anyon indexes the irreducible subspace in which the system lies. Braiding and recoupling of anyons cannot move the system from one irreducible subspace to another. As discussed in section II, for SU (N ) k the irreducible subspaces are indexed by a restricted class of Young diagrams.
In many cases, the dimensions of the irreducible subspaces grow exponentially with n. To those interested in quantum computing, the exponentially large state space, nonlocal degrees of freedom, and energy gap all make topological phases promising candidates for faulttolerant quantum memories. Furthermore, by adiabatically braiding the SU (2) 3 anyons around each other, one can in principle do universal quantum computation [2] . This result has been extended to SU (N ) k for all N ≥ 2 and all k ≥ 3 other than four [3] [4] [5] . The universality results all depend on exponentially large degeneracy. The representation of the braid group corresponding to SU (N ) k also produces a topological invariant of knots and links called the single-variable HOMFLY polynomial at the (N + k) th root of unity. N = 2 yields the Jones polynomial as a special case (see [5] [6] [7] 9] ).
Mansour and Severini give an exact closed formula for the dimensions of the irreducible subspaces for SU (2) k [8] . The result was obtained combinatorically by counting paths in the Bratteli diagrams. The present work studies SU (3) k by similar techniques. With these parameters the problem appears more difficult. After introducing the problem, we write a form for the generating function for the dimensions of the irreducible subspaces. We then obtain explicit formulas in some special cases. Giving a general closed formula remains an open question.
II. SETUP
A Young diagram is a partition of n boxes into rows, such that no row is longer than the row above it. A standard Young tableau is a Young diagram in which the n boxes have been numbered from 1 to n. The numbers in any column must increase downward and the numbers in any row must increase from left to right. We can interpret these numbers as instructions for building the Young diagram by adding one box at a time, as illustrated in Fig. 1 .
The condition that numbers must increase rightward and downward is equivalent to the condition that the configuration obtained after the addition of each box must always be a valid Young diagram. As discussed in [5, 7] , the ground space of a topological phase corresponding to SU (N ) k and n quasiparticles separates into invariant subspaces. Braiding and recoupling of the quasiparticles cannot move the system from one invariant subspace to another. These subspaces correspond to the different Young diagrams of n boxes N rows such that the number of boxes in the first row minus the number of boxes in the N th row is at most k. For the SU (N ) k TQFT, the dimension f of the subspace with an n-box Young diagram λ is equal to the number of Young tableaux of shape λ such that the configuration obtained after adding each box is not only a valid Young diagram, but also has the property that the number of boxes in the first row minus the number of boxes in the N th row is at most k. A 3-row Young tableau can be characterized by three numbers: n, the total number of boxes, i, the overhang of the top row over the middle row, and j, the overhang of the middle row over the bottom row. For SU (3) k , (i, j) is restricted to lie within the set V k of pairs of nonnegative integers such that i + j ≤ k. In figure 2 , we construct a graph D 3 on the vertices V 3 . Each vertex (i, j) is illustrated with an example of a Young diagram with the corresponding set of overhangs. A directed edge from (i, j) to (i ′ , j ′ ) is included if one can go from a Young diagram with overhangs (i, j) to a Young diagram with overhangs (i ′ , j ′ ) by adding one box. The n-box Young tableaux of shape λ allowed for SU (3) k correspond bijectively to the paths on the graph D k starting from (0, 0) and ending after n steps on the vertex corresponding to λ. More precisely, a path of length n in D k is a sequence of vertices v 0 , v 1 , . . . , v n ∈ D k and edges
A path can contain more than a single occurrence of the same vertex.
Let f i,j (n, k) be the number of paths on D k starting from (0, 0), and ending on (i, j) after n steps. f i,j (n, k) is equal to the dimension of the invariant subspace of n SU (3) k anyons whose Young diagram has overhangs (i, j). The remainder of this paper is devoted to analyzing f i,j (n, k).
The set of directed edges A k in the graph D k can be described formally by the following constraints. ((a, b) , (c, d) ) ∈ A k only in the following cases: The adjacency matrix of a graph is a matrix in which the ij th entry is 1 if there is an edge (i, j), otherwise it is 0. The number of paths of length n from vertex i to vertex j equals the ij th entry in the n th power of the adjacency matrix. Table I gives f 0,0 (n, k) for all 3|n ≤ 27. f 0,0 (n, k) = 0 for all l not divisible by three. Notice that the diagonal entries of the table are the 3-dimensional Catalan numbers 2n! (n/3)!(n/3+1)!(n/3+2)! . The corresponding generating function is denoted by From the definitions, we can state that
III. RESULTS
for all 0 ≤ i+j ≤ k, with the initial condition F i,j (t; k) = 0, for all i + j > k, i < 0 or j < 0. For example, if k = 1 then the above recurrence relation yields F 0,0 = 1+tF 1,0 , F 1,0 = tF 0,1 and F 0,1 = tF 0,0 . These imply F 0,0 (t; 1) = 1/ 1 − t 3 . Taylor expanding F 0,0 (t; 1) and using Eq. 1 reproduces the first row of table I. In order to write a system of equations on the variables F i,j (t; k), let J p,q;s be the p × q matrix J p,q;s (i, j), where
Moreover, let us define the following matrices.
Let x be a vector of coordinates defined by
. . .
that is,
Hence, rewriting Eq. (2) in matrix form, we obtain the following result.
Proposition 1 The generating functions
Proposition 1 for k = 1 gives
which implies: 
with y = 1 − t 3 and z = t(1 + t 3 ). Therefore
F 1,1 (t; 2) = 2t
This implies
f 0,0 (n; 2) = Fib n−1 if 3|n 0 otherwise where Fib n is the n th Fibonacci number. Applying proposition 1 for k = 1, 2, 3, 4, 5, we have the next corollary.
Corollary 2 The generating function for the number of paths of length
is given by
From the definition of determinant, we see that det(F k ) has the following properties.
• det(F k ) is a polynomial of degree d k , where
This implies that ρ k , the smallest positive root of the polynomial det(F k ), is approximated by k −2/3 . If N k,n (i, j) is the number of paths of length n from (0, 0) to (i, j) in D k then lim n→∞ (N k,n (i, j)) 1/n = 1 ρ k .
For large n the number of paths of length n in D k from (0, 0) to any other vertex scales as λ n k where λ k = 1/ρ k is the largest eigenvalue of the adjacency matrix of D k . This quantity coincides with the "total quantum dimension" of the TQFT SU (N ) k , which is given [5] by λ k = sin(πN/(N + k)) sin(π/(N + k)) .
In the case that k ≥ n the restriction that total overhang i+j is at most k becomes irrelevant. In this case our problem reduces to counting ordinary Young tableaux without any special restrictions. The solution to this problem can be derived from the hook length formula as described in proposition 3. 
